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We proposed a group-theory method to calculate topological invariant in bi-isotropic photonic crystals 
invariant under crystallographic point group symmetries. Spin Chern number has been evaluated by the 
eigenvalues of rotation operators at high symmetry k-points after the pseudo-spin polarized fields are 
retrieved. Topological characters of photonic edge states and photonic band gaps can be well predicted by 
total spin Chern number. Nontrivial phase transition is found in large magnetoelectric coupling due to the 
jump of total spin Chern number. Light transport is also issued at the ε/μ mismatching boundary between 
air and the bi-isotropic photonic crystal. This finding presents the relationship between group symmetry 
and photonic topological systems, which enables the design of photonic nontrivial states in a rational 
manner. 
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Group theory has been widely used in solid state physics, 
linear optics and quantum physics. Identifying symmetries 
in condense matter systems can simplify its complexity and 
subsequently predigest physics solutions. Due to the 
mathematical analogy between photonic and electronic 
systems, symmetry in photonic crystals also plays an 
important role in optical responses. For example, Fano 
resonances were found at k≈0 in macroscopic photonic 
crystal slab due to symmetry mismatching [1-3]. Zero-
refractive-index photonic crystals were achieved by a triple 
accidental degeneracy state [4-6]. Bidirectionality and 
nonreciprocity in magnetic photonic crystals have been 
studied through magnetic group theory [7]. 
On the other hand, topological order has been actively 
explored in many photonic systems [8-25]. Topologically 
protected edge states have been realized in magnetic 
photonic crystals [8-11], resonating lattices [12], and 
evanescently coupled helical waveguides [13]. Photonic 
analogue of topological insulators [26, 27], i.e., photonic 
topological insulators (PTI), have also been accomplished 
[14-18]. One is coupled resonator optical waveguides in 
which clockwise (anticlockwise) waveguide mode is 
regarded as pseudo spin-up (spin-down) state [14-16]. 
Another is ε/μ-matching photonic crystals with 
bianisotropic coupling in which photonic spin pair is 
formed by linear combinations of transverse magnetic and 
transverse electric modes [17, 18]. One of intriguing 
questions is to address the connection between the topology 
of nontrivial photonic systems and the group theory, so as 
to make it accessible in a simple way.  
In this paper, we predigest the determination of 
topological invariants by group theory when bi-isotropic 
photonic crystals possess point group symmetries. Spin 
Chern number of Cn-invariant bi-isotropic photonic crystal 
can be accurately calculated, up to a multiple of n, by 
evaluating the eigenvalues of symmetry operators at high 
symmetry k-points in the Brillouin zone (BZ). Total spin 
Chern number is then used to point out whether the 
photonic band gap is nontrivial or not and to characterize 
the spin-polarized edge states. Topological phase transition 
is realized when the magnetoelectric coupling is large 
enough to induce the jump of total spin Chern number and 
mode exchange. Light transport at the edge supporting 
pseudo-spin polarized state will be also discussed in a ε/μ 
matching or mismatching systems. 
Consider a bi-isotropic medium with the reciprocal 
constitutive relations of 0 r  D E ζH  and 
0 r  B H ζE . Here, ζ  is the magnetoelectric coefficient 
tensor with nonzero elements of *12 21 0 /i c     . r  
and /r r    are the relative permittivity and 
permeability, where   is a constant in the whole space (so-
called ε/μ matching condition). Introducing the pseudo-
fields    0 0 0 0, ,       P P P E H E H , the 
full-vector Maxwell equations can be reformulated: 
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(2) 
As Eq. (1) is decoupled from Eq. (2), we can define spin-up 
polarization of (0,0, , , , 0)Tz x yP P P
    and spin-down 
polarization of ( , , 0,0,0, )Tx y zP P P
   . When the 
magnetoelectric coupling in bi-isotropic photonic crystals is 
large enough, photonic spin-degenerated band gap will 
open. The topology of the band gap is characterized with 
the topological invariant of bulk bands. 
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diag(1,1, 10000)  r rε μ , while blue block is perfect 
electric conductor. Note that the insulating blocks on the 
right do not enter into the crystals and remove the air 
scattering to make figures clear. 
 
In summary, we demonstrate that calculation of the 
topological invariant in bi-isotropic photonic crystals can 
be predigested by employing group theory. After retrieving 
pseudo-spin polarized fields, spin Chern number can be 
calculated, up to a multiple of n, by evaluating the 
eigenvalues of symmetry operators at high symmetry k-
points. Total spin Chern number accurately predicts 
topological characters of photonic edge states and photonic 
band gaps. Nontrivial phase transition, which is caused by 
mode exchange, is found when the magnetoelectric 
coupling is large enough to induce the jump of total spin 
Chern number. Light transport of pseudo-spin polarized 
state is discussed in the ε/μ matching or mismatching edges. 
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